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Yield stresses and plastic strain ratios of aluminium, copper, brass and steel sheets having
various textures, which are characterized by the orientation distribution functions, have been
calculated as a function of angle to the rolling direction using the Bunge method based on
Taylor's minimum energy theory and another method suggested by the present authors. The
calculated results are compared with the measured ones. For steels, the two methods yield
almost identical yield stress results. The Bunge method yields higher average plastic strain
ratios than the measured data, while their variation with the angle to the rolling direction
agrees very well with the measured values. The plastic strain ratios calculated by the second
method are in very good agreement with the measured data in their average values but show
smaller variations with the angle to the rolling direction than the measured. Therefore, com-
bination of the two methods can vield very good agreement between calculated and measured
plastic strain ratios. For the fc c metals, the calculated yield stresses and plastic strain ratios

are in good agreement with measured data, regardless of the calculation method.

1. Introduction

Deep drawability is closely related to the plastic strain
ratio or R, which is defined as the ratio of true strains
in the width and thickness directions under tension.
For planar isotropic sheets, a higher R value implies
higher resistance to thinning in the thickness direction,
resulting in a higher limiting drawing ratio. Theor-
etical works on this have been undertaken by Whiteley
[11 and Lee [2, 3]. The variation of R with tensile
direction is associated with earing behaviour in deep
drawing. Earing occurs along the directions of higher
R values.

It is well known that sheet anisotropy is closely
related to sheet texture. A method has been proposed
by Hosford and Backofen [4] for the prediction of R
and yield stress as a function of sheet texture based on
finding the combination of slip systems that minimizes
the work per unit volume required to produce a given
strain [5]. Bunge e al. [6] refined this method using a
sheet texture described by the orientation distribution
function.

Another method was advanced by Lee er al. for the
prediction of the R value [7] and the yield stress [8],
which will be explained in the next section. In the
previous works [7, 8], the volume fraction of a tex-
ture component was estimated on the basis of peak
intensity in the pole figure, because the orientation
distribution function was not known. The purpose of
this paper is to compare the measured R values and
yield stresses of fcc and bcece sheet specimens with
those calculated by the two methods using measured
orientation distribution functions.
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2. Calculation methods

2.1. The Bunge method [6]

Fig. 1 shows the plastic strain tensor with respect to
the specimen coordinate system. The strain may be
written as

1 0 0
de; = dn| 0 —g¢q 0 (H
0 0 —(-29g

where dz is the absolute value of a strain increment
and g is the contraction ratio, that is, the ratio of the
width strain to the longitudinal strain. The ratio, g,
can be related to the plastic strain ratio or the Lankford
parameter, R, that is, the ratio of the width strain to
the thickness strain as follows

g = R[(1 + R) )
The deformation work for the strain to take place can
be expressed as

d4 = dy,M(g, q) 3)

where 7, is the critical resolved shear stress in the slip
systems and M is a geometrical factor which depends
on the orientation g of the crystal with respect to the
principal strain axes and on the contraction ratio. If
the factor M is evaluated based on Taylor’s minimum
work theory [5], it becomes the Taylor factor. The
deformation work and the Taylor factor for a poly-
crystalline specimen may be evaluated by averaging
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Figure I General deformation in the principal axis representation.
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those for single crystals
ddnin = 70M(g) dy @
M(q) = ¢M(q, 8)f(g) dg &)

where f(g) is the orientation distribution function
(ODF) and is defined by

PO - jea ©
Here AV (g) is the volume of all the crystallites having
orientations in the range from g to g + Ag and V' is
the volume of the whole sample. The ODF charac-
terizes the texture of the sample and is unity in the case
of random orientation distribution.
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Figure 2 R as a function of tensile direction for (a) copper and (b) 444 stainless steel sheets: (O) measured; (—) calculated based on the
(111) pole figure of the copper sheet and (001) pole figure of the 444 stainless steel sheet [7.
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Figure 3 Definition of the Euler angles.

Bunge developed f(g) and M(q, g) into a series of
generalized spherical harmonics, as follows

w© M) N{) .
/@ = ‘_; ; ZI crT*(g) Q)
w M) N{) .
Mg, g) = Z ; gmf”(qm“"(g) ®)

Substitution of Equations 7 and 8 into Equation 5
gives us

® M)y N

The R value or the Langford parameter along the
direction of the angle, a, to the rolling direction, R(x),
is calculated using ¢ which minimizes M(g),, that is,

dM(g),

dq = , 4 = qmin(a) (1 l)
where g, (%) is the value of ¢ which minimize M(g),.

It follows from Equation 1 that

R@) = quin(@W/[l = Guin(®)] (12)

The yield stress along the direction of a to the rolling
direction is from Equation 4 given by

M Gin ()]

2.2. The second method

Suppose that we have several slip systems operating at
the same time, with a shear strain of dy; on the jth slip
system. Each component of the total strain is obtained
simply by adding the corresponding contributions
from all the systems, provided that these strains are
small.

O-_v(a) = TO

(13)

ds;, = E;dy (14)

An arbitrary strain with no change in volume can
be specified by five dgs, and one of the normal
strains, say dg,, is redundant, because de¢; + de, +
de; = 0 [5]. Equation 14 means that arbitrary values

w0 = S e o gt b s b s s
written out in full as (for example, see [9])

de, (myby) (mb,), (n,6,)s (my6,), (n,0,)s dy

de; (n3b3), (n3bs), (n3b;) (n3bs), (n365)s dy;

de, | = | by + n3by) (meby + nyby)y(mabs + n3by)s(myby + 130,)4(mabs + n3by)s dy; (15)

des (mbs + nmyby) (miby + m3b)y(mby + n3by); (mbs + n3by)y(mbs + n3by)s dys

deg (b, + myby) (b, + myby)y(mb, + m,by);(my by + myby)y(mby + nyby)s dys

Numerical values of the coefficients m}” (g) have been
published and C/* can be calculated from measured
pole data.

The mean Taylor factor along the angle, o, to the
rolling direction of a rolled sheet specimen can be
expressed as

where dg, = deyy, dg; = dey;, de, = 2dey, des =
2de,;, and deg = 2dey,; ny, n,, and n, are the direc-
tional cosines of a vector normal to the slip plane; b,
b, and b, are the directional cosines of a vector in the
slip direction, and the subscript on the right side of
parenthesis indicates the slip system referred to.

_ 10 M) NG , , When a single crystal is subjected to the uniaxial
M(g)., = 120 ZI Zl 21 1 mi" (@)CI" cos [2(v — 1)o] tension in the direction of the x, axis, it is not guaran-
e (10)  teed that ds,, de; and de, will all be zero.
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Figure 4 The ODF for specimen Al-90 in ¥, -sections.
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Figure 5 The ODF for specimen brass-70 in i, -sections.

A polycrystal sheet which has a well-developed tex-
ture may be approximated by a single crystal. When
the sheet specimen is subjected to the uniaxial tension
in the direction of the x, axis, dey, and de;; are expected
to be principal strains, that is, de, = des = deg = 0.
It follows from Equation 15 that the plastic strain
ratio or R of the specimen may be expressed as

5
Zl (nyb,); dy;

dey, _ =

R = — = =
dess Z (n3by); dy,
i<1

(16)

If only one slip system operates, then Equation 16
reduces to

R = 22 (17)

Let w, ¢, d and p be unit vectors along the width,
thickness and slip directions and the direction normal
to the slip plane, respectively. Then Equation 17 can
be rewritten by

_ - p)(w-d)
P d)]

because n, = wp, b, = w-d, n; = t-p and b; =
t - d. Equation 18 has been used to calculate R using
ideal textures which approximate measured textures
[10, 11]. In order for Equation 18 to be used, it is
necessary to choose appropriate slip systems. A slip
system with the largest Schmid factor from the applied
tensile stress, or several slip systems with larger
Schmid factors were used [10, 11].

(18)

Recently, Lee suggested using the following equa-
tion [7].

de Z (I(w - pY(w - d)|;S)
R = =2 = 4
de, Z (I(e - p)(z - d)|;S)

(19)

where X indicates the summation of the total slip
systems and S is the Schmid factor of the correspond-
ing slip systems which can be explicitly expressed as

Si = [ p)I-d)j, (20)

with / being the unit vector along the tensile direction.
Equation 19 means that all the slip systems contribute
to the deformation but their contributions are pro-
portional to their Schmid factors or that dy, in
Equation 16 is linearly proportional to S; apart from
Equation 16 requiring only five slip systems. In fact,
the number of slip systems, on which the Schmid
factors have the first to the fifth largest magnitude, can
exceed five. Therefore, it is convenient to consider all
the slip systems whose contribution is left to the
Schmid factor.

For a sheet specimen having texture (R,R,R;)
(A, A4,4;) subjected to tension along the angle, «, to
the rolling direction and for a slip system of (P, P, P;)
(D, D, Dy), the unit vectors in Equations 19 and 20 are
given by [7]

P = (P, p2p3) (P\/IP), P,/|P|, P,/IP))
with {P| = (P} + P} + P}
d = (d, d,, d;) = (D/|D|, Dy/ID|, D;/\D])

#y=45°

Figure 6 The ODF for specimen Cu-70 in 1, -sections.
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Figure 7 The ODF for specimen steel A-30A in y, -sections.

with [D| = (D! + D3 + D3)"?
t = (r,r,r) = (R/IR], Ry/IR|, Ry/IRI)

with |[R| = (R} + R} + R})"?
b = (b, by, b3)
= (—a,sina + (ayr; — azr,) cos a,
— @, sin o + (a;r; — a;ry) cos a,
— aysin o + (a,r, — a,F,) COS o)
where
(a1, ay, as) = (A,/|4], A,/|A], A45/|4])
with |4] = (A7 + 45 + 43)'7
I = (I, 5, 5) = (acosa + (ar; — ayry) sin 2,
a, cos o + (asr, — ayr;) sin a,
a, cos « + (ayr, — a,ry) sin @)

Equation 19 yielded satisfactory results as shown in
Fig 2, where sheet texture was approximated by single
ideal texture.

For a sheet specimen being approximated by more
than one ideal texture, the following equation has
been suggested by Lee and Oh [7]

b, 29V [ de(e)f(2) dg

R = =2 =
e Ydeki | de(e)f(e) dg

where de,,, dg, and V; are, respectively, the strains in
the width and thickness directions and the volume
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fraction of texture component #; g and f(g) are the
orientation and the orientation distribution function.
It is difficult to obtain V; from a single pole figure. A
way of obtaining approximate values of V; has been
proposed by Lee and Oh [7].

The yield stress of a single crystal having one slip
system can be described by the Schmid law.

(22)

o, = 1/S

where 1, is the critical resolved shear stress and S is the
Schmid factor. For a polycrystalline specimen, even
though its texture may be approximated by an ideal
texture, only one slip system can be expected not to
operate in order for 0.2% plastic deformation to take
place, because of grain boundaries. Therefore, Lee [8]
suggested the following relation for 0.2% offset yield
strength of a specimen whose texture may be approxi-
mated by an ideal texture

o, = k/ ; S;

where k is a constant, S; the Schmid factor on slip
system i (Equation 20) and #n the total number of slip
systems, for example, 12 in f¢ ¢ metals. In general, the
yield stress of a specimen may be as in Equation 21 for
the R value expressed as

oy = Z Vo,
7

Suppose that the orientation distribution function
of a specimen is known. The orientation is often
defined by Euler angles ¥,, ¢ and ¥, (Fig. 3). For

(23)

= [o@f@de (24
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Figure 8 The yield strength as a function of tensile direction for (a) AlJ-0 and {b) Al-90 specimens.
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Figure 9 The yield strength as a function of tensile direction for Figure 10 The yield strength as a function of tensile direction for

specimen brass-0. (——) Bunge [6], (- —-) Lee [8], (J) measured. specimen Cu-70. (——) Bunge [6], (- —~) Lee [8], (O) measured.
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Figure 11 The yield strength as a function of tensile direction for specimen (a) steel A-0, (b) steel A-30A, (c) steel A-30F, (d) steel A-70A,
(e) steel B-58A and (f) steel B-58F. (—) Bunge [6], (- - -) Lee [8], (O) measured.
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cubic metals the cubic symmetry makes the integral
intervals in Equation 21 reduce to

0 < ¢19¢7w2< 7[/2

Because de, and de, in Equation 21 and S;in Equation
23 are calculated when the orientation is given in the
form (R, R,R;) (4, 4, A4,), the orientation g (¢, , ¢, ¥/,)
should be transformed to the form (R, R,R;)
(4, A4,A4,) using the following relations [6]

R, = siny,sin ¢

R, = cosy,sin ¢

R, = cos¢

A, = cos i, cos , — sin VY, sin ¥, cos ¢
A, = —cos Y, sin y, — sin Y cos ¥, cos ¢
Ay = sin i, sin ¢

In this work, numerical calculation of Equations 21
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Figure 12 R as a function of tensile direction for (a) Al-0, (b) Al-30
and (c) Al-90 specimens. (——) Bunge [6], (-~-) Lee [8], (O)
measured.

and 24 has been performed at a Euler angular interval
of 5°.

3. Experimental details

Sheet specimens of commercial purity aluminium,
cartridge brass, copper, and stecls whose chemical
compositions and fabrication conditions are given in
Tables I and I were tensile tested to obtain their 0.2%
offset yield strengths and the R values at about 15%
strain along the angles of 0°, 22.5°, 45°, 67.5° and 90°
to the rolling direction. In order to obtain the orien-
tation distribution functions of the specimens, they
were subjected to the pole figure measurement, in
which a-rotation was made from the normal direction
(0°) to 70° in reflection and from 40° to 90° in trans-
mission, and f rotation from 0° to 360°, at the angular
interval of 5°. The (1 11), (200) and (220) pole figures
were measured for the fcc metals and the (110),
(100) and (211) pole figures for the b cc metals.

4. Results and discussion

4.1. Orientation distribution function

A few examples of the orientation distribution func-
tions obtained for various specimens are shown in
Figs 4 to 7.

4.2. Yield strength
Figs 8 to 11 show the yield strength as a function of the
tensile direction for the commercial purity aluminium,
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Figure 13 R as a function of tensile direction for (a) brass-0 and (b) brass-70 specimens. (——) Bunge [6], (——-) Lee [8], (O) measured.
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Figure 14 R as a function of tensile direction for (a) Cu-30 and (b) Cu-70 specimens. (—) Bunge [6], (- - -) Lee [8], (O) measured.

cartridge brass, copper and steel specimens, respect-
ively. The yield strengths calculated from both Equa-
tion 13 [6] and Equation 24 [8] are in very good agree-
ment with the measured data. Anisotropy in the yield
strength can be influenced by the crystallographic
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texture and mechanical fibring. The calculation of the
yield strength took no account of mechanical fibring.
Therefore, the good agreement between measured and
calculated values indicates that the effect of mechani-
cal fibring on the yield strength is negligible.
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Figure 15 R as a function of tensile direction for (a) steel A-0, (b) steel A-30A, (c) steel A-30F, (d) steel A-70A, (e) steel B-58A and (f) steel
B-38F specimens. (—-—) Bunge [6], (- - -) Lee [7], (—) combined, (1) measured.
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TABLE I Chemical composition of steel sheets

Specimen C St Mn P S Al
A 0.044 - 0.19 0.11 0.11 0.5
B 0.035 0.01 0.19 0.11 0.09 0.24

4 3. Plastic strain ratio

The plastic strain ratios or the R values calculated
using Equation 12 [6] and Equation 21 [8] are com-
pared with the measured data in Figs 12 to 15.
In calculation of the R values, the slip systems of
{111}{110>and {hki} {111) were used for the fcc
metals and the steels, respectively. For the fcc metals,
the calculated values agree reasonably well with the
measured data. For the steel specimens, the values
calculated from Equation 12 are systematically larger
than the measured data, while their variation with the
tensile direction agrees very well with the measured
values. The values calculated from Equation 21 are in
very good agreement with the measured data in their
average values, but show a smaller variation with the
tensile direction. Therefore, combination of the two
methods has been suggested to calculate the plastic
strain ratios of the steel specimens, in which the
average values are calculated using Equation 21 and
the variations with the tensile direction are calculated
using Equation 12. Such calculations (combined) yield
very good results as shown in Fig. 15. The R values
were calculated using initial orientation distribution
functions (at zero strain) and measured at around
15% strain according to ASTM standard. Therefore, it
can be argued that the calculated values may be dif-
ferent if changes in texture with tensile strain are taken
into account. It has been known that the R values of
cubic metals are not very sensitive to test strain. This
problem should be clarified in future studies.

TABLE Il Fabrication conditions of tensile specimens

5. Conclusions

1. The variation of yield strength with tensile direc-
tion for commercial purity aluminium, cartridge
brass, copper and steel sheet specimens fabricated
under various conditions could be adequately explained
by their crystallographic textures.

2. The measured plastic strain ratios of the fcc
metals were in reasonably good agreement with the
calculated values.

3. The measured plastic strain ratios of the steel
specimens could be very well predicted by combin-
ation of the two different methods, in which the one
method predicts variation with the tensile direction,
and the other the average value.
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Specimen Fabrication conditions

Al-0 Commercial purity aluminium sheet annealed at 400° C for 60 min

Al-30 Commercial purity aluminium sheet cold rolled by 30% and annealed at 310° C for 30 min
Al-90 Commercial purity aluminium sheet cold rolled by 90% and annealed at 280° C for 30 min
Brass-0 Cartridge brass sheet annealed at 550° C for 60 min

Brass-70 Cartridge brass sheet cold rolled by 70% and annealed at 300°C for 20 min

Cu-30 Copper sheet cold rolled by 30% and annealed at 350° C for 30 min

Cu-70 Copper sheet cold rolled by 70% and annealed at 350°C for 30 min

Steel A-0 Steel A sheet annealed at 713°C for 2h and air cooled

Steel A-30A Steel A sheet cold rolled by 30%, annealed at 713°C for 2h and air cooled

Steel A-30F Steel A sheet cold rolled by 30%, annealed at 713°C for 2h and furnace cooled

Steel A-70A Steel A sheet cold rolled by 70%, annealed at 713°C for 2h and air cooled

Steel B-58A Steel B sheet cold rolled by 58%, annealed at 713°C for 2h and air cooled

Steel B-58F Steel B sheet cold rolled by 58%, annealed at 713°C for 2h and furnace cooled
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